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o Representation of Graphsg
it

Although a diagrammatic representation of a graph is very convenient for a visual stud);
pot this 1S only pOSS.lble when the number of vertices and edges is reasonably small. Two types 0
mpresentation are given below,

Matrix Representation. The marix arc commonly used to represent graphs for computer
processing. The advantages of r epresenting the graph in matrix form lies on the fact that many 1’05”1}5
fmatrix algebra can be readily applied to study the structural propertics of graphs from an algebraic

pointof view. There are number of matrices which one can associate with any graph. We shall discuss
ijacency matrix and the incidence matrix.

Adjacency Matrix
(a) Representation of Undirected Graph

Theadjacency matrix of an undirected graph G withn vertices and no parallel edgesis an n by nmatrix
A= [a,j] whose elements are given by

a; = 1, if there is an edge between ith and Jth vertices, and
=0, if there is no edge between them.
Observations
() Ais symmetric i.e. a;=aforalliand;.

(i) The entries along the principal diagonal of 4 all 0's if and onl

y if the graph has no self
lops, A self loop at the vertex corresponds to a,=1.

(ii)) 1f the graph is simple (no self loop, no parallel edges), the degree of v

ertex equals the
"mber of 1°s in the corresponding row or column of 4.

(V) The (i, ) entry of A™ is the number of paths of length (no. of occurence of edges) m from

eV, 10 vertex v
f (}’) IfGbea graph with n vertices v, V..o, v, and let 4 denote the adjacency matrix
With respect to this listing of the vertices. Let B be the matrix,

B=A+A* + A+ +A" (n> 1))

.
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Then ¢ iy aconnected praph HT 2 haw no zoro entries,

Phis rosult van e used to check the connectedness ol a graph by SRR Mljingy,

Adijacency can also o ured to represent undirected graphs with loops an multip), ..n y "y,
at the vertex Vi must have the element o, equal to 1 in e adjncency mautrix Wi, ,,“::""” Ll
are present, the acdjncency mateix i no longer o zoro = ane matrix, mince the (L /o (-,,,,y"?nl.« n|,[§:
number of edpes that are assovtated between v and v, AlTundirected graphy, jne ludin, ‘(“'“'Hhc
and pseudographs, have symmetrie adjneency matrices, By,

,'“'I’h'
(5) Representatlon of Divected Graph

The adjacency matrix of'n Hagraph D, with i vertices In the matrix 4 - |,,”| I wiy
. nay | Cll
= ilare (v, V) inin D

=0 otherwixe,
Observations

() Ais not necessary symmetrie, since there may not be an edge from Vo wi

3 N g
an edge from vitow fe g

(i) The sum ol any column of j of A i equal to the number of arces directe lowards

(#1))  The sum of entries in row / iy cqual to the number of ares directe

: d away fron vertey y
(out degree ol vertex V) {

(iv)  The (4, /) entry of 4™ is equal to the number of path of length m (rom vertex V10 vertey

() The dingonal elements of A, A" show that out degree of the vertices, The dingonal enirieg
ol AT, A shows the in degree of the vertices, |

The adjacency matrices can also be used to represent directed multigraphs. Again such, Matriceg
are not zero — one matrices when there are multiple edges in the same direction connecting (wg
vertices. In the adjacency matrix for a directed multigraph, a, cquals the number of edges that are
associated to (v, V). |

|
|

Example 38 : Use adjacency matrix to represent the graphs shown in Fig, 14.50,

|

2 vy v ‘ v,
Vo |
Vi
vy Vay Va Va ) Va
(a) (b) ()
Fig. 14.50

’ ' 0 1O » o Ir vc[(lCcsa

Solution. We order the vertices in Fig 14.51 (a) as V), vy, vy and v, Since there arc ‘r(}l it

» ) . ' R . A 1c ‘

, the adjacency matrix representing the graph will be a square matrix of order four |
adjacency matrix A is !

MR I I }
W o 1 1 1]
v 0 |
f= 2 I 0 1
\’] l l 0 l
ve [0 1 0]

o (he
; : resenting
We order the vertices in Fig, 14.51 (b) as v|,v, and v, . The adjacency matriX rep

graph with loop and multiple edges is given by

3

> |
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., the order otj the verticeg in Fj e
Tsk?“ggme digraph is given by 8- 14.51 (¢) o Vs vy, vy and v,. The adjacency matrix
(‘fﬁn ‘-:1 Vyow vy
Y | | (ﬂ
v,y
A= < 0 | 0
vy 0 0 ,
Ya L 0 0 o0

gample 39 : Draw the undirecteq graph representeq by

adjacency matrix 4 given by

0 1 1 0 0]
A= 1 1 0 1 0
0 0 1 o 1

L.O 0 0 1 1 i

Solution. Since the given matrix is a square of order 5. the graph G has five vertices VisVs »V3
¥ DS Draw an edge from vitow, where a;= 1. The required graph is drawn in Fig. 14.52.

V2 V3 Vs
Fig. 14.51
Example 40: Draw the digraph G corresponding to adjacency matrix.

[0 0 1 1]

0 0 1 0

i R T S
11 10

Solution, Since the given matrix is square matrix of order .four, the graph G has 4 vertices
yViand +- Draw an edge from v, 0, where a;;= 1. The required graph is shown in Fig.14.53.

A [
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ed graph G corresponding (0 adjacency mariy

I 2 0 0

e "
“

Example 41: Draw the undirect

3 0 1 I
A=l 1 2 2
0 l 2 0
. : he given adjacency matrix is squarc matrix of order 4, G hyg fo
SOIut(lJm»L ?‘ll?: fﬂl'll:if Iis not ajzcro-onc matrix. Draw n edges from v,to v where aUr Veri,
;lra:f ,nvfoa:p a‘td;.), wlicr‘e‘ a,=n. The required graph i shown in Fig.14.53. y=nn,
Vi Va
Vo ﬂ"a
Fig. 14.53
Example 42. Consider the graph shown in Fig. 14.55. Find the number of walks of leng iy
from v, to v, and also check the connectedness of the graph. t
2 Vv,
V2 V,
Fig. 14.54
Solution. The adjacency matrix of the graph is
Vi V2 V3 Vg
w[0 1 1 0]
v 1 0 0 1
A=
w1l 0 0 1
v|0 1 1 0 ]
0 1 1 o]fo 1 1 0] [2 002
N A2_10011001_0220
= "1 oo 1fjt oo 10220
01 1 0/[01 1 0] [200°2
Similarly, using matrix multiplication, we get
[0 4 4 0] 8 0 0 8]
polto0 0880 |
4 0 0 4 o 8 80 \
0 4 4 0] (8 0 0 8] 3;1;
Now the number of walks of length 3 from v, to v, = the element in the (2,4) (tjh ,en"?; 1’n‘ o

—V, —Vy and v,

The four di — ot
lﬂ'?renl edge sequence are v, —v, —v; =V, v, =V, =V, —V,V, V4
Again B=A+A*+ 43+ A*
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10(1]02002 0 4 40 g 0 038
= 1
81001+0220+4004+0880
0 1 1 0220/ |4004 o8 80
] 0 [2 00 2] (0440 g 0 0 8
10 5 5 10
ar B= 3 10 10 5
5 10 10 Which contains no zero element.
fence the graph is a connected graph,
\ote that onc can use th ‘ , .
x«:n"\rphic. Two graphs '1rccai§g\?1i§rr];l)1ilc“?fmxdm check whether or not (he £1%°% graphs & A,
UL L o b S 1 s v ok ) 3
e " aresponding adjacency matrices arcacl:qug;ﬂ) if their vertices can be labeled in such a way
Theorem 14.18. Two ) .
o graphs G, and G, are isomorphic if and only if the adjacency matrix

sbtained from that o i :
e f the other by interchanging rows and also columns in the same way-

i pfﬂnf 15
? Example 43. Show that the graphs G and G’ are isomorphic.
a a'
\ e ! '
| G d b G: d c b
U
c C

definc as f(a) = d,f(b)= a,.f(e)= a,fd=c, and

Solution. Consider the map [:God,
dering a, b, c,dand e is

ié)= ¢.. The adjacency matrix of G for the or
a

b ¢ de
afo 1 0 10]
pl1 0o 1 01
A(G)=c|0 1 0 11
dlr o1 01
gl dl I 10

for the ordering d.a'\ b, cande'is

The adjacency matrix of G’
da b ¢

JTo 1.0 1 0]
gl 01 0 1
4GH=pjo 10 11
Sl o 1 01
e'l0 1 1 1 0]

ie. 4(G)=A(G)
*. Gand G’ are isomorphic-
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Incidence Matrix
(a) Representation of Undirected Graph. |
Consider a undirected graph G = (¥, E) which has n vertices and m edge,

incidence matrix /(G) = [b,], is thenn xm ma'tnx, w}?e}:c
b, = I  whenedgee;1s incident with v,

=0 otherwise

21“ labﬁ'i',”‘

1

Observations .
(i) Each column of B comprises exactly two unit entries.
(i) A row with all 0 entries corresponds to an isolated vertex.
(i) A row with a single unit entry corresponds to a pendant vertex.
(iv) The number of unit entries in row of B is equal to the degree of the COMespongiy, .

(v) The permutation of any two rows (any two columns) of /(G) corresponds toa rela-f.’f ,

'
o,

of the vertices (edges) of G. 3

(vi) Two graphs are isomorphic if and only if their corresponding incidence Matric
only by a permutation of rows and columns. & g |

(vii) If G is connected with n vertices then the rank of /(G) is n— 1.

Incidence matrices can also be used to represent multiple edges and loops. Multip}, .
are represented in the incidence matrix using columns with identical entries. Since these ed‘. :ft"
incident with the same pair of vertices. Loops are represented using a column with exactly oni:f
equal to /, corresponding to the vertex that is incident with this loop. =

(b) Representation of Directed Graph

The incidence matrix /(D) = [b,] of digraph D with 1 vertices and m edges is the 1 x s,

in which.
b, = lifarcjis directed away from a vertex v,
= —lifarcjis directed towards vertex v,
= 0 otherwise.
Example 44 : Find the incidence matrix to represent the graph shown in Fig.14.55.
Vi 8, V2 Vi e, V2
€4 €5 €, €4 A €g Yy €
Va €; Va Vq e:3 V3
(a) (b)
Fig. 14.55

i Solyhon. The incidence matrix of Fig.(a) is obtained by entering for row v and column ¢¥'
Ie 1s incident on v and 0 otherwise, The incidence matrix is

€ € €3 €4 &

wil 0 0 1 1]
I(G)=wvw[(1 1 0 00
01 1 01
V4_00]]0J
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Dy~ |~ :

0 0 0

I 0
" Matniy g
I -
o 0 0 ¢
1 o 0 o 0
01y 0
0 0 01 9 0

Solution. Since the given
{ ices and 6 edges. We re-

. 3 6 columns, , 5
Write the Incidence matrix as follows: e eqmeponding prah s 3

el 82 83 04 eS e()

vlo 1 ¢ 01 1
1101 0 ¢ o
ill 0 0 0 o |
Wi 1. 11 1 o
vs|]0 0 0 1 0 0]

Since first column contains two 1 placed at 2nd and 3rd row, vertices v, and v, are connected

ye,. Similarly, the vertices v, and v, are connected by e,, and the vertices v, and v, are connected
tye,and so on.

Therefore, the graph of the given incidence matrix is
V1 e, Zz

V4

V3
es 8,4
Vs

4 aW

‘0 O 1 -1 1
qv1 0,00
o 0o 0 00
0p6 107 < OF R0
o -1 0 00

LO o -l 1 0]
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Solution. Sice the given matrix has 6 Tows m:d-? ci(l)lils:Tr:lbi};;“Ph- WL:rf):',vr:(rjilln-H Praph ),
vertices and 3 edges. Since the ' aurix has the €lement © the ing;,
matny as follow s o € O e |

Vi 0 O 1 -l :

oot 000

v; o 0 O o 0

vel 1 0 00 =

v| 0 -1 0 0 0

vel 0 o -1 ! 0.

and 1 placed at 41h row, the edge ¢
p BE e is digy,,

ed at 2nd TOW,
- ;'}"

contains -1 plac

Since first column RfRs -
from v, to vy ThE edee e, has no direction and 1t 1S connec &
N p~ 4 . 10 v, but the vertex vy i . 1
from v, t0 V- the edge e, from Vg 10 V) the edge e from vy 10 Vs i RTE I —
' is 1S { is not connected. )
any vertex. Hence ¥y is isolated vertex and t.hc' graph1
Hence, the graph of the incidence matnx 1S
V4 Vz V3
®
€y €3 &s e e,
Vs Vs Ve’

c if and only if the incidence matrix of

G, and G, are isomorphi
s/columns of the matrix.

permutation of row
hether the two given graphs G, and G, arc 1somorph
Vg - -

Theorem 14.19. Two graphs
one is obtained from that of the other by
Example 47. Using incidence matrix find W

& & e3yvs s
Vi \'/2 \;3 & —21 o 3 3y _ 84
& s e v v v
G;
Solution. The incidence matrices of the two graphs are
’e, e, € €; & a, a, ay a, as
w[1 0 0 0 O] w[1 0 0 0 O]
w(l 1 0 00 u,|1 1 0 0 0
1(G)=%|0 1 1 0 Ofand I(G)= u3]0:-.1. 1.-0 -1
wi{0 0 1 1 1 ) ugf0 0 1 10
wi0 0 0 0 1 us|0 0 0 1 0
%10 0 0 1 0O ug[0 0 0 0 1] ‘

Now, if 1 (G, ; 4
(G.) can be obtained from / (G,) by interchanging rows and colum: then 01 %

G, are rsomorphic.
We see Ist three
columns of / (G,) and / (G,) are same. To make the fourth c0

we mterchange Sth row and 6th row of / (G,)
i)

Jumn ider”
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i\ B = 0
g get 8 matrix B 01
00 01 o

00 0 0

| ~ .
e see first four columns of J(G

) Q D Q A N i 1
b ») and B are same, The only fifth column of B is not same as
Mo(’(o:)‘

S0, we conclude 7 (G,) can not be oby

‘ ‘ ' Ained from / (G) by interchanging rows and columns.
weethe two graphs G and G

» Are not isomorphic,



